( For Old Syllabus )
(Riemann Integration and Metric Spaces)
Full Marks : 80
Time : Three hours

The figures in the margin indicate
full marks for the questions.

1. Answer the following questions : 1x10=10

(a) Describe an open ball on the real line
7 for the usual metric d.

(b) Find the limit point of the set
[pr1 1]
l‘ ’ 2, 3,...,n,...f.

(c) Define Cauchy sequence in a metric
space (X, d).

(d) Let A and B be two subsets of a metric
space (X, d). Then

(l) (AnB)O:AOﬂBO
(i) (AUB)°=A°(RB°
(i) (ANB)=ANB

(iv)] (AUB) =A'UB’
where AY denotes interior of A
A" denotes derived set of A
(Choose the correct answer)
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(e) In a complete metric space
(i) every sequence is bounded

(i) every bounded sequence is

convergent

(iii) every convergent sequence is
bounded

(iv) every Cauchy sequence 18
convergent

(Choose the correct answer)

() Let {F,} be a decreasing sequence of
closed subsets of a complete metric

space and d(F,)—> 0 as n—> . Then

() (|F.=¢
n=1

o0
(i) ﬂ F, contains at least one point
n=1

(iii) ﬂ F, contains exactly one point
n=1
(iv) d (ﬂ Fn) >0
n=1

~ (Choose the correct answer)
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(g) Let (X,d) and (Y, p) be metric
spaces and A c X. Let f:X->Y

be continuous on X. Then

0 f(a)=r(a)
G F(E)e 7(a)

i) f(a) c f(a)
i) f(a)=r(a°)

(Choose the correct answer)

(h) What is meant by partition P of an
interval [a, b]?

(i) Prove that [g+1=cfa

() Define the upper and the lower Darboux
sums of a function f: [a, b]—>R with

respect to a partition P,

2. Answer the following questions : 2x5=10

(a) Prove that in a discrete metric space
every singleton set is open.
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(b)

(c)

(d).

(e)

For ’fmy two subsets F; and F, of a
metric space (X, d), prove that

(RUR,). = FUF,

Let (X, dx) and (Y, dy) be metric
spaces and let f:X —» Y. Then if f
is continuous on X, prove that

f1(B)c i (E) for all subsets Bof Y.

Find L(f, P)and U(f, P) for a constant
function f:|a, b| - .
Examine the existence of improper

1

— k.
Jx

O ey

integral

Answer any four parts : 5%x4=20

(a) Letdbea metric on the non-empty set
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X Prove that the function d' defined by

d'(x, y)= min{1, d (x, y)}
where x,ye X 1s a metric on X. State
whether d' 1s bounded or not.

4+1=5
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(b) In a metric space (X,d), prove that
every closed sphere is a closed set.

(c) Prove that if a Cauchy sequence of
points in a metric space (X, d) contains
a convergent subsequence, then the
sequence also converges to the same
limit as the subsequence.

(d) Let (X,d) be a metric space and let
Y,, Ael} be a family of connected
sets in (X, d) having a non-empty

intersection. Then prove that y = Uy,
Ael

1S connected.

(¢) Consider the function f:[0,1]—>R

"
wtnet v -{} 220

Prove that fis not integrable on [0, 1].

(f) Let f:la, b]~>R be bounded and

monotone. Prove that fis integrable.
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4.

Answer any four parts -

(@)

X

10%4=40
(1) Define a metric space.
Let
n __f .
= 1x = (x, Xy, e Xy ), x;ef,1<i<n|
be the set of all real n-tuples.
For x =(x;, x,,..., x,) and
y =y, Yg,..., y,,) in 2" define
rn 12
e y)=[ 5 tr-w?]
(i=1
Prove that (;;-_", d) is a metric
space. 2+4=6
(ii) Prove that in a metric space (X, d),

a finite intersection of open sets is
open. 4

(b) Let Ybea subspace of a metric space
(X, d). Prove the following : 5+5=10

()

Every subset of Y that is open in
Y is also open in X if and only if

Y is open in X )
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(ii) Every subset of Y that 1S closed In
Y is also closed in X if and only if

Y is closed in X.

(c) (i) Prove that the function
f:10,1] > defined by
fx)=x" is uniformly
continuous. Further prove that
the function will not be

uniformly continuous if the
domain 1s . 3+3=6

(i) Let (X,dy), (Y,dy,) and (Z, d,) be
" metric spaces and let f:X > Y
and g:Y —» Z be continuous.
Prove that the composition ge f

is a continuous map of X into Z.
4

(d) When a metric space is said to be
disconnected ?

Prove that a metric space (X, d) is
disconnected if and only if there exists

a non-empty proper subset of X which
is both open and closed in (X, d).

2+8=10

3 (Sem-5/CBCS) MAT HC 1 (N/0}/G 20



9 (3.
g 1%
i AT

Show that the metric space (X, d)

where X denotes the space of all
sequences x =(x;, X5, X3, -, Xy;)

of real numbers for which

1

(Z‘xk\p) <o (p=1)and dis the

metric given by

(s 0]

\/p
d,(x, y)-—-(Z(xk—yk)‘)} , x,ye X

(i)

k=1
is a complete metric space. 7

Let X be any non-empty set and
let d be defined by

0O if x=y
d(x,y)-—{l if x#y

Show that (X, d) is a complete

metric space. 3
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(f) Prove that a bounded function
f:la,b] >R is integrable if and only

if for each ¢ >0, there exists a

partition P of [a, b] such that

U(P, f)-L(P, f)<e-

(g) Let f:|0,1]> R be continuous. Let

C; e [l——l, i], ne N . Then prove that
n n

im f(C,-)le'f(x) dx .

.
n— i=1

4 n

Using it, prove that m i
n-—w ’;:1 k2 +712' 4 -

6+4=10

(h) (i) Prove that a mapping f: X Y
is continuous on X if and only if

f_l. (F) is closed in X for all closed

subsets F of vy, 5
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(i) Let fand gbe continuous on [a, b |.
Also assume that g does not
change sign on [a, b]. Then prove
that for some ce|a, b]
we have

f Fx) gl ax= £le) ] glo)ax

a a




